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• Datastructure Invariants
a. CRDTs

- state-based (PLDI' 23)
- op-based (PLF' 23)

• Compiler Optimization
• Stream Processing

• Algorithm Design
• Typeclass Laws
• Databases
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CRDTs 
Guarantee
Eventual 
Consistency

Commutative
The order is 

irrelevant

Associative
The grouping is 

irrelevant

f(x, y) = f(y, x) f(x, f(y, z)) = f(f(x, y), z)

Eventual Consistency is guaranteed when syncing is:
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CRDTs 
Guarantee
Eventual 
Consistency

Commutative
The order is 

irrelevant

Associative
The grouping is 

irrelevant

Idempotent
Syncing equals adds 
no new information

f(x, y) = f(y, x) f(x, f(y, z)) = f(f(x, y), z) f(x, x) = x

Eventual Consistency is guaranteed when syncing is:
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CRDTs Beyond 
Simple 
Counters Counters: Growing Counter, Positive-Negative Counter, 

Bounded Counters, …

Sets: Growing Sets, Two-Phase Set, Observed-Remove Set, …

Maps: Add-wins Observed-remove map, …

Registers: Last-Write-Wins, …
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Building Correct CRDTs Is Hard
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Type-Check 
CRDT 
Convergence
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Automatic Property Prover
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Properties in Types

def merge =
  prop.rec[(Comm & Assoc & Idem) := (List[Num], List[Num]) =>: List[Num]]: merge =>
    case (Nil, _) => Nil
    case (_, Nil) => Nil
   case (x :: xs, y :: ys) => max(y, x) :: merge(xs, ys)
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Properties in Types

def merge =
  prop.rec[(Comm & Assoc & Idem) := (List[Num], List[Num]) =>: List[Num]]: merge =>
    case (Nil, _) => Nil
    case (_, Nil) => Nil
   case (x :: xs, y :: ys) => max(y, x) :: merge(xs, ys)

def max =
  prop.rec[(Comm & Assoc & Idem) := (Num, Num) =>: Num]: max =>

 ...
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Properties in Types

def merge =
  prop.rec[(Comm & Assoc & Idem) := (List[Num], List[Num]) =>: List[Num]]: merge =>
    case (Nil, _) => Nil
    case (_, Nil) => Nil
   case (x :: xs, y :: ys) => max(y, x) :: merge(xs, ys)

def max =
  prop.rec[(Comm & Assoc & Idem) := (Num, Num) =>: Num]: max =>

 ...
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Properties in Types Enable Composition

def zipWith[P >: (Comm & Assoc & Idem), T] =
  prop.rec[(P := (T, T) =>: T) => (P := (List[T], List[T]) =>: List[T])]:
    zipWith => f =>
      case (Nil, y) => y
      case (x, Nil) => x
     case (x :: xs, y :: ys) => f(x, y) :: zipWith(f)(xs, ys)
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Properties in Types Enable Composition

def zipWith[P >: (Comm & Assoc & Idem), T] =
  prop.rec[(P := (T, T) =>: T) => (P := (List[T], List[T]) =>: List[T])]:
    zipWith => f =>
      case (Nil, y) => y
      case (x, Nil) => x
     case (x :: xs, y :: ys) => f(x, y) :: zipWith(f)(xs, ys)

def merge =
 prop[(Comm & Assoc & Idem) := (List[Num], List[Num]) =>: List[Num])]:

 zipWith(max)



Selectivity
A function will always 

return one of its argument.

f(x, y) = x ∨  f(x, y) = y

Commutativity
The sync order is 

irrelevant

Associativity
The sync order is 

still irrelevant

Idempotency
Syncing equals adds 
no new information

f(x, y) = f(y, x) f(x, f(y, z)) = f(f(x, y), z) f(x, x) = x

Example: projections, 
maximum, conditionals
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Properties of Binary Functions



Reflexivity Symmetry Transitivity Connectivity Antisymmetry

f(x, x) = ⊤
f(x, y) = ⊤
⊢ f(y, x) = ⊤

f(x, y) = ⊤ ∧  f(y, z) = ⊤
⊢ f(x, z) = ⊤

f(x, y) = ⊤ ∨ f(y, x) = ⊤ f(x, y) = ⊤ ∧  x ≠ y
⊢ f(y, x) = ⊥
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Properties of Binary Relations



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)
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Propel Proofs Example



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

max(a, b) = max(b, a) Goal
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Propel Proofs Example



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

max(a, b) = max(b, a) Goal

Γ = 
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec
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Propel Proofs Example



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

max(a, b) = max(b, a) Goal

Equalities Inequalities

Γ = 
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec
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Propel Proofs Example



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

max(a, b) = max(b, a) Goal

Equalities Inequalities

Γ = 
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec
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Propel Proofs Example



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

max(Nil, b) = max(b, Nil) Goal

Equalities Inequalitiesa = Nil a ≠ B0(a')
a ≠ B1(a')

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec
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Propel Proofs: Case Analysis



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

b = b Goal

Equalities Inequalities

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec
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Propel Proofs: Reflexivity



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

B0(max(x, y)) = B0(max(y, x)) Goal

Equalities Inequalitiesa = B0(x)
b = B0(y)

a ≠ Nil     b ≠ B1(b')
a ≠ B1(a')
b ≠ Nil

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec

46

Propel Proofs: Next Case



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

B0(max(x, y)) = B0(max(y, x)) Goal

Equalities Inequalitiesa = B0(x)
b = B0(y)

a ≠ Nil     b ≠ B1(b')
a ≠ B1(a')
b ≠ Nil

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec
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Propel Proofs: Constructor Elimination



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

max(x, y) = max(y, x) Goal

Equalities Inequalitiesa = B0(x)
b = B0(y)

a ≠ Nil     b ≠ B1(b')
a ≠ B1(a')
b ≠ Nil

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec
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Propel Proofs: Constructor Elimination



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

max(x, y) = max(y, x) Goal

Equalities Inequalitiesa = B0(x)
b = B0(y)
max(x, y) = max(y, x)

a ≠ Nil     b ≠ B1(b')
a ≠ B1(a')
b ≠ Nil

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec
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Propel Proofs: Use Properties from Γ



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

max(y, x) = max(y, x) Goal

Equalities Inequalitiesa = B0(x)
b = B0(y)
max(x, y) = max(y, x)

a ≠ Nil     b ≠ B1(b')
a ≠ B1(a')
b ≠ Nil

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec
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Propel Proofs: Use a Known Equality



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

if equals(max(x,y),y) then B1(y) else B0(x) = if equals(max(y,x),x) then B1(y) else B0(x) Goal

Equalities Inequalitiesa = B0(x)
b = B1(y)

a ≠ Nil     b ≠ B0(b')
a ≠ B1(a')
b ≠ Nil

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec
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Propel Proofs: Next Case



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

B1(y) = if equals(max(y,x),x) then B1(y) else B0(x) Goal

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec

Equalities Inequalitiesa = B0(x)
b = B1(y)
      equals(max(x,y),y) = ⊤

a ≠ Nil     b ≠ B0(b')
a ≠ B1(a')
b ≠ Nil

53

Propel Proofs: “if” is a case expression



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

B1(y) = if equals(max(y,x),x) then B1(y) else B0(x) Goal

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec

Equalities Inequalitiesa = B0(x)
b = B1(y)
max(x,y) = y equals(max(x,y),y) = ⊤

a ≠ Nil     b ≠ B0(b')
a ≠ B1(a')
b ≠ Nil
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Propel Proofs: “if” is a case expression



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

B1(y) = B0(x) Goal

Equalities Inequalitiesa = B0(x)   max(x, y) = x
b = B1(y)   equals(max(x,y),x) = ⊥
max(x,y) = y equals(max(x,y),y) = ⊤

a ≠ Nil    b ≠ Bit0(b')
a ≠ Bit1(a')
b ≠ Nil

Γ = max:   Comm   := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec
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Propel Proofs: Next Case



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

B1(y) = B0(x) Goal

Inequalitiesa = B0(x)
b = B1(y)  equals(max(x,y),x) = ⊥
max(x,y) = y equals(max(x,y),y) = ⊤

a ≠ Nil     b ≠ B0(b')
a ≠ B1(a')  max(y, x) ≠ x
b ≠ Nil

Γ = max:   Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec

57

Propel Proofs: Stuck

Equalities



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

B1(y) = B0(x) Goal

Γ = max: Comm := (BitVec, BitVec) =>: BitVec,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec

Equalities Inequalitiesa = Bit0(x)
b = Bit1(y)
max(x, y) = y

a ≠ Nil      b ≠ Bit0(b')
a ≠ Bit1(a')  max(y, x) ≠ x
b ≠ Nil

W

The case a=B0(x) and b=B1(y) may not be commutative.

Manual inspection: max(B1(B0(Z)), B0(Z)) != max(B0(Z), B1(B0(Z)))

--- case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)
+++ case (B1(x), B0(y)) => if equals(max(x, y), x) then B1(x) else B0(y)

Opportunity to generate counter-examples
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Propel Proofs: Counterexample



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)

Typing Context

B1(y) = B0(x) Goal

Γ = max: Comm := (BitVec, BitVec) =>: BitVec,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec

Equalities Inequalitiesa = Bit0(x)
b = Bit1(y)
max(x, y) = y

a ≠ Nil      b ≠ Bit0(b')
a ≠ Bit1(a')  max(y, x) ≠ x
b ≠ Nil

W

The case a=B0(x) and b=B1(y) may not be commutative.

Manual inspection: max(B1(B0(Z)), B0(Z)) != max(B0(Z), B1(B0(Z)))

--- case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)
+++ case (B1(x), B0(y)) => if equals(max(x, y), x) then B1(x) else B0(y)

Opportunity to generate counter-examples
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Propel Proofs: Counterexample



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), x) then B1(x) else B0(y)

Typing Context

B1(y) = B0(x) Goal

Γ = max: Comm := (BitVec, BitVec) =>: BitVec,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec

Equalities Inequalitiesa = Bit0(x)
b = Bit1(y)
max(x, y) = y

a ≠ Nil      b ≠ Bit0(b')
a ≠ Bit1(a')  max(y, x) ≠ x
b ≠ Nil

W

The case a=B0(x) and b=B1(y) may not be commutative.

Manual inspection: max(B1(B0(Z)), B0(Z)) != max(B0(Z), B1(B0(Z)))

--- case (B1(x), B0(y)) => if equals(max(x, y), y) then B1(x) else B0(y)
+++ case (B1(x), B0(y)) => if equals(max(x, y), x) then B1(x) else B0(y)
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Propel Proofs: Counterexample



def max = prop.rec[Comm := (BitVec, BitVec) =>: BitVec]: max =>
(a, b) => (a, b) match
case (Nil, b) => b
case (a, Nil) => a
case (B0(x), B0(y)) => B0(max(x, y))
case (B1(x), B1(y)) => B1(max(x, y))
case (B0(x), B1(y)) => if equals(max(x, y), y) then B1(y) else B0(x)
case (B1(x), B0(y)) => if equals(max(x, y), x) then B1(x) else B0(y)

Typing Context

B1(y) = B0(y) Goal

Equalities Inequalitiesa = B0(x)
b = B1(y)  equals(max(x,y),y) = ⊥
max(x,y) = y equals(max(x,y),y) = ⊤

a ≠ Nil     b ≠ B0(b')
a ≠ B1(a')   max(x, y) ≠ y 
b ≠ Nil

Γ = max:  Comm    := (BitVec, BitVec) =>: BitVec,
 equals: (Antisym & Sym & Trans) := (BitVec, BitVec) =>: Bool,
 a: BitVec, b: BitVec, a': BitVec, b': BitVec, x: BitVec, y: BitVec
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Propel Proofs: Contradiction



equals(max(x,y), y) = ⊤  max(x,y) = y

 Is it okay?

65

Equality Lifting: equals(x, y) = ⊤ ⊢ x = y



equals(max(x,y), y) = ⊤  max(x,y) = y

 Is it okay?

66

Equality Lifting: equals(x, y) = ⊤ ⊢ x = y

Theorem: Equality is the only antisymmetric, symmetric, and transitive relation



equals(max(x,y), y) = ⊤  max(x,y) = y

 Is it okay?
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Equality Lifting: equals(x, y) = ⊤ ⊢ x = y

Theorem: equals: Antisym & Sym & Trans := (A,A) =>: Bool, equals(x, y) = ⊤
⊢ x = y

Theorem: equals: Antisym & Sym & Trans := (A,A) =>: Bool, equals(x, y) = ⊥
⊢ x ≠ y



Propel discovers these theorems without any ad-hoc rules

Theorem: equals: Antisym & Sym & Trans := (A,A) =>: Bool, equals(x, y) = ⊤
⊢ x = y

Theorem: equals: Antisym & Sym & Trans := (A,A) =>: Bool, equals(x, y) = ⊥
⊢ x ≠ y

equals(max(x,y), y) = ⊤  max(x,y) = y

 Is it okay?
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Equality Lifting: equals(x, y) = ⊤ ⊢ x = y
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Propel for 
CRDTs

Proven Properties
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Propel Beyond 
CRDTs

Proven Properties
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propel-prover.github.io
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CRDT Type System

Automatic Property Prover

propel-prover.github.io

Check Lookup
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